Abstract. It is proved that the Poisson enveloping algebra of a double PoissonOre extension is an iterated double Ore extension. As an application, properties that are preserved under iterated double Ore extensions are invariants of the Poisson enveloping algebra of a double Poisson-Ore extension.
Introduction
Let R be a Poisson algebra. In [11] , the second author constructed an associative algebra R e , called the Poisson enveloping algebra of R, in order that the category of Poisson modules over R is equivalent to that of modules over R e . Since then the subject has been developed in [14] and [7] . In particular, the first, the third authors and Zhuang studied the Poisson enveloping algebra of a Poisson-Ore extension of R in [8] and showed that it is an iterated Ore extension of R e and inherits algebraic properties of R e including noetherianess, Artin-Schelter regularity and etc. On the other hand, in [6] , Lou, Wang and the second author gave a notion of double Poisson-Ore extension arising from the semi-classical limit of certain double Ore extension, which can be thought as a generalized Poisson-Ore extension with two variables. This motivates us to show that the Poisson enveloping algebras of double Poisson-Ore extensions have algebraic properties similar to those obtained in [8] .
In the section 1, we modify the construction of Poisson enveloping algebra given in [7, §5] to be understood easily. Namely, let R be any Poisson algebra over a basis field k and let Ω R/k be the Kähler differential of R. Then it is observed that Ω R/k is a Lie algebra with Lie bracket induced by the Poisson bracket. Hence there exists a semi-crossed product R ⋊ U (Ω R/k ) of R, where U (Ω R/k ) is the universal enveloping algebra of the Lie algebra Ω R/k . We see in Proposition 1.4 that the Poisson enveloping algebra R e is a quotient algebra of R ⋊ U (Ω R/k ) by certain ideal. Let A = R[x 1 , x 2 ] p be a double Poisson-Ore extension of R. In the section 2, we obtain a Poisson enveloping algebra A e by using the result of the section 1 and find a valuable filtration F by giving suitable degrees on each canonical generators of A e . Finally we prove in Theorem 2.1 that A e is an iterated double Ore extension by using algebraic properties of the graded algebra associated to F . The method of using the filtration F makes us avoid tedious computations in [8, §2] as observed in Remark 2.3. As an application of the fact that A e is an iterated double Ore extension of R e , we induce, under certain conditions, invariants of algebraic properties in Corollary 2.4, Corollary 2.6 and Corollary 2.7 including maximal order, Artin-Schelter regular algebra, Calabi-Yau algebra, Koszul algebra and Auslander-Gorenstein algebra, which are true in most of the examples we are interested.
Assume throughout the paper that k denotes a base field of characteristic zero, that all vector spaces are over k and that all algebras have unity. A Poisson algebra is a commutative k-algebra R with a Poisson bracket, that is a bilinear map {−, −} : R × R → R such that R is a Lie algebra under {−, −} and, for all a ∈ R, the hamiltonian map ham(a) := {a, −} is a derivation of R, which is called Leibniz rule.
For an algebra A, we denote by A L the Lie algebra A with Lie bracket [a, b] := ab − ba for a, b ∈ A.
Poisson enveloping algebra
For the clearance of the structure of a Poisson enveloping algebra, we will modify the construction of Poisson enveloping algebra given in [7, §5] , which will be used in the next section.
Let R be a Poisson algebra and U be an algebra. For an algebra homomorphism α : R −→ U and a Lie algebra homomorphism β : (R, {−, −}) −→ U L , the pair (α, β) is said to satisfy the property P from R into U if α and β satisfy the following properties: for all a, b ∈ R,
Recall the definition of Poisson enveloping algebra in [11, Definition 3] . A triple (U, α, β), where U is an algebra and the pair (α, β) satisfies the property P from a Poisson algebra R into U , is called the Poisson enveloping algebra of R if the following universal property holds: For any triple (A, γ, δ) such that A is an algebra and the pair (γ, δ) satisfies the property P from R into A, there exists a unique algebra homomorphism h from U into A such that hα = γ and hβ = δ. The algebra homomorphism α is a monomorphism by [13, Proposition 2.2] and the Poisson enveloping algebra of any Poisson algebra exists uniquely up to isomorphism by [11, Theorem 5] . We will denote by R e the Poisson enveloping algebra of R. Given a Poisson algebra R, let F be a free left R-module with basis {dr|r ∈ R} and M be a submodule of F generated by the elements
for all a ∈ k and r 1 , r 2 ∈ R. Then the Kähler differential module of R is
is a derivation by (1.1). Let H = (H, m, u, ∆, ǫ, S) be a Hopf algebra. An algebra A is said to be a left H-module algebra if A is a left H-module satisfying
where 1 is the unity of A and ∆(h) = (h) h 1 ⊗ h 2 . If A is a left H-module algebra then there exists an algebra A ⊗ k H with multiplication for all a, b, r, s ∈ R. Let U (Ω R/k ) be the corresponding universal enveloping algebra. Note that U (Ω R/k ) is a Hopf algebra with Hopf structure
which is well-defined with respect to the relations (1.1). The action (1.3) makes R a left Ω R/k -module and thus R is a left U (Ω R/k )-module. Since every element of Ω R/k acts as a derivation on R, R is a left U (Ω R/k )-module algebra. It follows that there exists the semi-crossed product R ⋊ U (Ω R/k ), as observed in the above paragraph. That is,
for a, b ∈ R and f, g ∈ U (Ω R/k ). Note that Ω R/k is a Lie algebra over k as well as a left R-module and that
as k-vector spaces and the subspace
(adr)(bds) = abdrds + a{r, b}ds.
(1.5)
Proof. We have that (adr)(bds) = a(dr)(bds) = a(bdsdr + bd{r, s} + {r, b}ds) (by (1.2)) = ab(dsdr) + abd{r, s} + a{r, b}ds = ab(drds + d{s, r}) + abd{r, s} + a{r, b}ds (by (1.2)) = abdrds + a{r, b}ds.
is generated by the elements
Proof. Note that every element of R ⋊ U (Ω R/k ) is a k-linear combination of the elements a ⊗ f for some a ∈ R and f ∈ U (Ω R/k ) and that f is k-linear combination of finite products of the form bdr for some b, r ∈ R. Hence the result is proved easily from the following multiplicative rules
where a, b, c, r, s ∈ R and f ∈ U (Ω R/k ).
Denote by R e the quotient algebra
and let i and d be the canonical maps 
Thus i is an algebra homomorphism and d :
For a, r, s ∈ R,
Thus the pair (i, d) satisfies the property P from R into R e . Proposition 1.4. Let R be a Poisson algebra.
(1) The Kähler differential Ω R/k is a left R-module as well as a k-Lie algebra with Lie bracket (1.2). Denote by U (Ω R/k ) the universal enveloping algebra of Ω R/k .
(2) The Poisson algebra R is a left U (Ω R/k )-module algebra with action
for all a, b, r ∈ R. Hence there exists the semi-crossed product R ⋊ U (Ω R/k ) with multiplication (1.4). (3) The triple (R e , i, d) is the Poisson enveloping algebra of R, where
Note that i is injective by [13, Proposition 2.2]. Writing a and dr for the images i(a) and d(r) respectively, R e is a k-algebra generated by R and dr for all r ∈ R subject to the relations
where S e is the subalgebra of R e generated by S and ds for all s ∈ S and i| S and d| S are the restrictions of i and d respectively.
Proof. (1) and (2) are proved already.
(3) By Lemma 1.3, the pair (i, d) satisfies the property P from R into R e . Let A be an algebra and let (γ, δ) satisfy the property
for all b, r ∈ R. Since γ is an algebra homomorphism and δ is a Lie algebra homomorphism, h ′ satisfies the relations (1.1) and thus h ′ is well defined. Moreover, for b, c, r, s ∈ R,
(by the property P)
and thus h ′ is a Lie algebra homomorphism from
for a, b, r ∈ R. Note that R ⋊ U (Ω R/k ) is generated by the elements of the form 1 ⊗ bdr and a ⊗ 1 by Lemma 1.2. It is checked routinely that
for all a, b, r, s ∈ R and thus h is an algebra homomorphism. Since
for all a, r ∈ R, there exists the algebra homomorphism h : R e −→ A induced by h. Since hi = γ and hd = δ by (1.9) and R e is generated by the images of i and d, h is determined uniquely. Hence (R e , i, d) is a Poisson enveloping algebra of R. By Lemma 1.2 and (1.7), R e is generated by R and dr for all r ∈ R. The relations (1.8) are already shown in the proof of Lemma 1.3. Thus the remaining assertion holds.
(4) The restriction d| S satisfies (1.1), the pair (i| S , d| S ) satisfies the property P and S e is a k-algebra generated by S and ds for s ∈ S subject to the relations (1.8). Hence, replacing R by S in the second statement of (3), S e is the Poisson enveloping algebra of S.
Poisson enveloping algebra of double Poisson-Ore extension
Let us recall a left double Ore extension, shortly a left double extension, of an algebra R defined in [15, §1] . (In which it is called a right double extension.) Let F be a commutative k-algebra and let R be an F-algebra. An F-algebra A containing R as a subalgebra is said to be a left double extension of R if A is generated by R and new variables y 1 , y 2 such that
• y 1 and y 2 satisfy a relation
where P := (p 11 , p 12 ) ∈ F 2 and τ := (τ 1 , τ 2 , τ 0 ) ∈ R 3 , • As a left R-module, A is a free left R-module with a basis {y
Hence there exist F-linear maps σ 11 , σ 12 , σ 21 , σ 22 , δ 1 , δ 2 from R into itself such that
for all a ∈ R. Set
Note that M 2×1 (A), M 2×2 (R) and M 2×1 (R) are both left and right R-modules and that (2.2) is expressed explicitly by
for all a ∈ R. We say that the left double extension A of R has the DE-data {P, σ, δ, τ } and A is denoted by
By symmetry, we have the notion of right double Ore extension, shortly a right double extension. An algebra A is said to be a double Ore extension of R, shortly a double extension, if it is a left and a right double extension of R with same generating set.
In [6, Theorem 2.7], a double Poisson-Ore extension is defined as the semiclassical limit of a left double extension as follows. Let R be a Poisson k-algebra with Poisson bracket {−, −} R and let R[y 1 , y 2 ] be the commutative polynomial ring. Set (a) α(ab) = aα(b) + bα(a). 
for all a ∈ R and the DE-data
Proof. In the Kähler differential Ω A/k , set
By Proposition 1.4, A e is a k-algebra generated by
with the following relations: for any a, b ∈ R and k = 1, 2,
Note that R e is the subalgebra of A e generated by R and da for all a ∈ R by Proposition 1.4(4). Let B be the subalgebra of A e generated by R e and x 1 , x 2 . Let Z be a generating set of R as an algebra. The Kähler differential Ω R/k is a left R-module generated by dR := {dr|r ∈ R} and every element dr ∈ dR is an R-linear combination of {dz|z ∈ Z}. Hence Ω R/k is generated by {dz|z ∈ Z} as a left R-module. Let X be a maximal k-linearly independent subset of {dz|z ∈ Z}. Note that X is a generating set of Ω R/k as a left R-module. Set X = {dz j |j ∈ J} and give a well-order relation ≤ on J. Let G 1 be the semigroup j∈J S j , where each S j is the semigroup Z + := {0, 1, 2, . . .} with the usual addition and let G 2 , G 3 be the semigroup Z + × Z + . Give an order relation ≤ in G 1 as follows: Let e j be the canonical element of G 1 such that the j-th component is 1 and the others are 0. For j∈J p j e j , j∈J q j e j ∈ G 1 ,
Also, give order relations ≤ in G 2 and G 3 as follows:
m + n = p + q and n < q or m + n = p + q, n = q and m < p.
and give an order relation on G as follows: For any (a 1 , a 2 , a 3 ), (b 1 , b 2 , b 3 We will identify G 1 , G 2 , G 3 with the corresponding canonical sub-semigroups of G. Note that the order relation on G is the reversed lexicographic order and
for any nonzero elements g 1 ∈ G 1 , g 2 ∈ G 2 , g 3 ∈ G 3 . We will call finite products of a ∈ R, dz j , x 1 , x 2 , y 1 , y 2 monomials, where j ∈ J and repetitions allowed. A monomial x is said to be a standard monomial if x is of the form
where a ∈ R, j i ∈ J, j 1 ≤ j 2 ≤ . . . ≤ j k and m, n, p, q ∈ Z + . Note that every element of A e is a k-linear combination of monomials. Give degrees on the generators of A e by deg a = 0, (a ∈ R),
Then every monomial of A e has a degree induced by (2.7). For instance, the monomial y 2 a 2 x 1 (dz j ) 3 has the degree
where a ∈ R. For g ∈ G, let F g be the k-linear combinations of monomials with degree less than or equal to g. Then, for all f, g ∈ G,
Hence, F (A e ) := {F g | g ∈ G} is a filtration of A e . Observe that F 0 = R, where 0 is the identity element of G, and that
are also filtrations of R e and B, respectively. Let gr F (A e ) be the associated graded algebra determined by F (A e ). That is,
where F g − is the k-linear combinations of monomials with degree strictly less than g (F 0 − = {0}). Refer to [10, §1.6] for details of the associated graded algebra. The associated graded algebras gr F (R e ) and gr F (B) are also constructed by the filtrations F (R e ) and F (B), respectively.
Lemma 2.2.
(1) gr F (R e ) and gr F (B) are subalgebras of gr F (B) and gr F (A e ), respectively.
(2) gr F (R e ) is a commutative algebra. (3) gr F (B) is a polynomial algebra over gr F (R e ) with two variables
where x 1 , x 2 are the canonical images of x 1 , x 2 in gr F (B), respectively. (4) gr F (A e ) is a polynomial algebra over gr F (B) with two variables
where y 1 , y 2 are the canonical images of y 1 , y 2 in gr F (A e ), respectively.
(5) Every element of A e (respectively, B, R e ) is a k-linear combination of standard monomials.
(6) For any nonzero element z ∈ A e , there exists g ∈ G such that
Proof.
(1) It is obvious since (
(2) In the commutation relations (2.4), the degrees of monomials appearing in the left hand sides are greater than those of monomials appearing in the right hand sides. Hence gr F (R e ) is commutative. (3) The result follows immediately from (2.5). (4) The result follows immediately from (2.6). (5) It is obvious by (2.4), (2.5) and (2.6).
By Lemma 2.2(3), B is generated by
as a left R e -module. Suppose that
where z k,ℓ ∈ R e for all k, ℓ. Since gr F (B) is the polynomial ring gr F (R e )[x 1 , x 2 ], the corresponding elements of z k,ℓ in gr(F (R e )) are zero for all k, ℓ. Hence z k,ℓ = 0 for all k, ℓ by Lemma 2.2(6) and thus B is a free left R e -module with basis B. It follows, by (2.5) , that B is a left double extension
with the DE-data {P 1 , σ 1 , δ 1 , τ 1 } given by
for a ∈ R. Moreover, B is a free right R e -module with basis B by (2.5) and thus B is a double extension of R e since x 1 x 2 = x 2 x 1 . We have already known that A e is generated by
as a left B-module. 
Moreover, A e is a free right B-module with basis {y (1) The filtration of R e is indexed by the semigroup G 1 , namely,
where F g (R e ) = F g ∩ R e , and its associated graded algebra gr F (R e ) is a commutative algebra generated by R and dz j for all j ∈ J. Hence, if R is finitely generated then gr F (R e ) is a finitely generated commutative algebra over R. It follows that the Poisson enveloping algebra of any Poisson algebra that is finitely generated as an algebra is noetherian. 
and give a well-order relation on G by modifying that of G in the proof of Theorem 2.1. If we give degrees on the generators of A e by
e is a filtered algebra with a filtration {F g |g ∈ G} induced by the above degrees and its associated graded algebra gr F (A e ) is a polynomial ring with two variables
Hence, the subalgebra B of A e generated by R e and x is a free left and right R emodule with basis {x i | i ≥ 0} and A e is a free left and right B-module with basis {y i | i ≥ 0}. It follows that A e is an iterated skew polynomial algebra
where σ k , δ k (k = 1, 2) are given by
for all a ∈ R. It is easy to observe that A e is a double extension of R e with the DE-data determined by (2.8 In the following, we will focus on three special situations where we know the analogy holds. Suppose α 12 = 0 or α 21 = 0. Then A is an iterated Poisson-Ore extension of R. As a consequence, A e is an iterated Ore extension of R e , and A e inherits the following properties from R e :
(1) being a domain; (2) being noetherian; (3) having finite global dimension; (4) having finite Krull dimension; (5) being twisted Calabi-Yau; (6) being Koszul provided that R e and A e are graded quadratic.
Proof. Let us assume that α 12 = 0. The argument for α 21 = 0 is analogous. It is straightforward for one to check that Corollary 2.7. Let R be a Poisson algebra that is finitely generated as an algebra and let A = R[x 1 , x 2 ; α, ν] p be a double Poisson-Ore extension of R. Then the Poisson enveloping algebra A e inherits the following properties from gr F (R e ):
(1) being a domain; (2) being prime; (3) being a maximal order; (4) being Auslander-Gorenstein; (5) having finite global dimension; (6) having finite Krull dimension.
Proof. By Lemma 2.2, we know the commutative algebra gr F (A e ) is isomorphic to the polynomial algebra over gr F (R e ) with four variables. Then it is clear that gr F (A e ) inherits properties from gr F (R e ) regarding (1), (5) and (6) . Moreover, (4) follows from [3, Theorem 4.2] . Note that for commutative algebras, primeness is equivalent to domain and by [10, Proposition 5.1.3], a noetherian commutative integral domain is a maximal order if and only if it is integrally closed. Hence (2) and (3) follow as well.
Further by Remark 2.3 (1), we know gr F (R e ) is a finitely generated commutative algebra, Hence gr F (A e ) is noetherian, then the filtration g∈G F g = A e is a Zariskian filtration. Thus A e inherits the similar properties (1)-(6) from gr F (A e ) by the standard results of Zariskian filtration [5] .
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